Abstract. We construct integral models of toroidal compactifications of PELtype Shimura varieties with projective cone decompositions as normalizations of certain explicit blowups of the corresponding minimal compactifications, generalizing works of Tai's, Chai's, Faltings and Chai's, and the author's in zero or good reduction characteristics. We show that such integral models still enjoy many features of the good reduction theory, regardless of the levels and ramifications involved.
Introduction
In the works of Tai In this article, we will show that, when the image H p of H under the canonical homomorphism G(Ẑ) → G(Ẑ p ) is neat, such normalizations of blowups provide p-integral models M tor H,d0pol of toroidal compactifications of PEL-type Shimura varieties in all characteristics, which still enjoy many features of the good reduction theory, regardless of the levels and ramifications involved at p. For example, we will show that they admit stratifications by locally closed subschemes, with formal completions along the strata comparable with the completions of certain putative boundary charts parameterizing degeneration data of PEL structures, extending the familiar ones in zero and good reduction characteristics. We will also show that they carry semi-abelian schemes which are universal in a sense that can be made precise using the theory of degeneration of PEL structures developed in [5] and [15] .
The idea will be to make use of the integral models M tor H,Σ constructed by taking normalizations over good reduction auxiliary models as in [18, Sec. 7] (where the Σ here is the Σ there), which were constructed only for those Σ induced by certain auxiliary ones; and compare them with M tor H,d0pol with the help of the putative boundary charts as in [18, Sec. 8] defined for some common projective smooth refinements Σ of Σ and Σ . As a result, we can construct M While for many applications the choices of cone decompositions hardly matter, such a construction still has the following advantages.
Firstly, we now have a uniform construction of integral models of toroidal compactifications in arbitrarily ramified characteristics, for a large and familiar class of cone decompositions which can be qualitatively described, without the need to even mention any auxiliary choices of good reduction models of toroidal compactifications. While it is still true that we need the auxiliary models in the proofs, the fact that the constructions and results can be formulated without them is not meaningless. By more practically knowing which cone decompositions are allowed in the constructions, we can more easily generalize arguments involving simultaneous refinements of cone decompositions (see, for example, [14, Prop. 3.19] ). Hence, we consider the construction here a practical improvement over that in [18] .
Secondly, we can write down invertible sheaves over the integral models of toroidal compactifications that are relatively ample over the corresponding integral models of minimal compactifications (see Corollary 6.7 below). Such relatively ample invertible sheaves have played crucial roles in many of our earlier works in good reduction characteristics, such as [20] , [21] , and [17] . (See, for example, the results in Section 8.) We believe that they should be provided in any sufficiently complete theory of toroidal and minimal compactifications.
Thirdly, even for A g , the Siegel moduli of principally polarized abelian schemes of relative dimension g, it is not clear whether one can construct its toroidal compactification, with the usual expected properties (other than smoothness), for all (possibly nonsmooth) cone decompositions (see [24, Rem. 4.1.10] ). Although we have not addressed this issue either-indeed, our assumption that the level is neat trivially ruled out A g -at least at neat levels, the construction in this article will allow all projective cone decompositions satisfying the relatively mild [15, Cond. 6.2. 5.25] . (In particular, even in good reduction characteristics, we will obtain integral models of toroidal compactifications not already constructed in [5] and [15] .)
Fourthly, except at places where we consider semi-abelian schemes over the integral models of toroidal compactifications, the rest of the arguments will not just work for the PEL-type setting, but also for more general types of Shimura varieties, as soon as good integral models of the minimal compactifications and some (possibly rather restrictive) classes of good toroidal compactifications have been constructed.
Here is an outline of this article.
In Section 2, we introduce the PEL moduli problem M H at level H in characteristic zero, and review the notion of compatible collections of projective cone decompositions and their polarization functions, which we denote by the symbols Σ and pol, respectively, and summarize (after some minor modification or correction) certain known facts in the literature that will be used later. (We also take this opportunity to fix a minor error in the literature; see Remark 2.15 below.)
In Section 3, we construct certain integral models M 
(1) pol Φ H is linear (i.e., coincides with a linear function) on each cone σ j in ( . Then there exist elements
Proof. Let τ 1 , . . . , τ r be all the one-dimensional faces of σ. For each 1 ≤ j ≤ r, consider the unique element y j of τ j such that S
can be identified with the two outside members of (2.13), for some finitely many σ,1 , . . . , σ,nσ ∈ S Φ H ∩ K 
,Σ is invertible, and depends only on Σ . Thus, if Σ can be taken to be Σ itself, then
,Σ is invertible and independent of the choice of Σ .
Proof. Since invertibility of coherent sheaves can be checked by pullback to completions by fpqc descent (cf. [7, VIII, 1.11]), it suffices to show that, for each representative (Φ H , δ H ) of cusp label for M H and for each σ ∈ Σ Φ H satisfying σ ⊂ P 
. By the same argument as in the second paragraph of [15, proof of Thm. 7.3.3.4(1)], the pullback of  H,dpol,Σ to the open formal subscheme
and hence (by [8, III-1, 4.
(where the sums⊕ all denote the formal completions with respect to the topology induced by that of X Φ H ,δ H ,σ ), which is invertible because the restriction of pol Φ H to any cone in Σ Φ H is a linear function by definition (see (1) 
is an isomorphism. By Lemma 3.2, J H,dpol does not depend on the choice of Σ , and coincides with the corresponding to a top-dimensional cone σ 0 , we have
Then we have the following prototype for the later constructions and results: . Suppose H is neat, and suppose Σ is projective smooth with a compatible collection pol of polarization functions, as in Definitions 2.1, 2.2, and 2.7. For each d ∈ Z ≥1 , suppose  H,dpol is defined over M tor H,Σ as in Construction 3.1 (with Σ = Σ there), or equivalently as in (3.4) (by Lemma 3.2), and suppose J H,dpol is defined over M min H as in Definition 3.5. Then there exists d 0 ∈ Z ≥1 such that the canonical morphism
-ideals is an isomorphism, and such that the canonical morphism Remark 3.11. Theorem 3.10 serves as a prototype, but will not be needed in the later constructions and proofs. The results we will obtain, however, have no explicit control on the possible d 0 's even when Condition 3.9 is satisfied. Construction 3.12. Let p > 0 be any rational prime number. Let H, Σ, pol, Σ ,  H,dpol,Σ ,  H,dpol , and J H,dpol be as in Construction 3.1, Lemma 3.2, and Definition 3.5, for each d ∈ Z ≥1 , with the additional running assumption that the image H 
Our goal is to show that there also exists some (possibly much larger) d ∈ Z ≥1 such that M tor H,dpol satisfies sufficiently many desired properties, extending as many as possible those in [15, Thm. 6.4.1.1] in the good reduction case, which will then force M tor H,dpol to be canonical-i.e., depending only on Σ and the linear algebraic data involved in the construction of M H , but not on the choices of pol and d.
Formal local description of ideal sheaves
Lemma 4.1. Supposex is a geometric point over the 
ΓΦ H consisting of sections whose nonzero terms are supported on those is quasi-compact and separated, the
, and the formation of such a kernel is compatible with flat base change.
Therefore, by taking any geometric pointx of 
, which has the desired form.
Let us fix once and for all a collection { σ,i } σ,i as in Lemma 2.12, where σ runs through all top-dimensional cones in Σ Φ H , and where i runs through integers from 0 to n σ , such that n γσ = n σ and γσ,i = σ,i , for all γ ∈ Γ Φ H and 0 ≤ i ≤ n σ .
Lemma 4.2. With the above choice of the collection
x is very ample, and hence is generated by its global sections, which can be canonically identified with the sections of ( FJ
Proof. Since M min H and its strata (as in [18, Thm. 12.1 and 12.6]) are quasi-compact and separated over S 0 , and since there are only finitely many Γ Φ H -orbits of cones in Σ Φ H (by its admissibility), it suffices to show that, for each 
is not an abelian scheme torsor in general. Definition 4.4. We define d pol to be the smallest d ∈ Z ≥1 such that, for every 
(These constructions do not require σ to be either smooth or induced by some auxiliary choices.) As in [15, Sec. 6.2.5], let us also define the toroidal embedding . For each such σ, we also define 
Proof. These follow from the definitions of the toroidal embeddings. 
is the formal completion of M tor H,Σ along the preimage of Proof. Let us construct the canonical isomorphism in (4.14). By construction, the formal scheme 
. On the other hand, the pullbacks of the tautological tuples over 
is the formal completion of M 
(cf. Lemmas 4.11 and 4.13).
Proof. Let Σ and Σ be as in the statement of the lemma, so that (4.17) and (4.18) are defined. Then the proper surjection
induced by (4.18) factors as a composition of the proper surjection
, which is the desired 
.2) when Condition 3.9 holds, such that, for any d ∈ Z ≥1 · d 0 , the pullback of J H,dpol under the composition of (4.16) with the canonical morphism
H ) (see (3.13)), the canonical morphisms (4.16) lift to canonical morphisms
denotes (as usual) the formal completion of M 
of canonical morphisms, in which the horizontal arrows induce an isomorphism from the quotients of the objects at level H (at the left-hand sides) by H/H to the objects at level H (at the right-hand sides). If the assertions of Proposition 4.19 are true at level H (with all notation accordingly denoted with a prime) when
, by taking norms of local generators with respect to the action of H/H , the corresponding assertions are also true at level
Hence, we may and we shall assume that Condition 3.9 holds, and that
For each open formal subscheme X
for any top-dimensional cone τ in Σ Φ H having σ as a face, we may and we shall assume that σ is top-dimensional, which corresponds to some vertex 0 of K ∨ pol Φ H (see (3) of Proposition 2.6) in the sense that pol Φ H (y) = 0 , y for all y ∈ σ.
Letx be any geometric point of M
(We shall adopt the same notation system as in Lemma 4.1.) Since
by Lemma 2.12, we can write each section f of ( J
(see [18, Prop. 12.14] and Lemma 4.1) as a formal sum f = in the natural grading of⊕ 
by assumption, by Lemma 4.2, the pullbacks of f
, while the pullbacks of f 1 , . . . , f k generate the (coherent ideal) pullback of ( J H,dpol ) ∧ x . By (4.22), this last pullback is invertible and corresponds to the sub- 
Q-or they can be more directly constructed using toroidal embeddings of Ξ Φ H ,δ H ). 
Proof. For any representative (Φ H
Proof. This is because, by Proposition 5.1, for each stratum
over the formal completion
. Now we begin with some reduction step: 
of canonical morphisms, in which the top and bottom horizontal arrows induce an isomorphism from the quotients of the objects at level H (at the left-hand sides) by H/H to the objects at level H (at the right-hand sides), and in which the middle horizontal arrow is defined and H/H -equivariant for the following reason: Let  d (resp.  d ) be the invertible ideal pullback of J H,dpol (resp. J H,dpol (H ) )
of canonical morphisms coincides with  d , because its further pullback under each isomorphism
coincides with the pullback of
H,dpol of canonical morphisms, whose restriction to each open formal subscheme X 
induced by (5.6) correspond to the same 
, as desired.
Proof of Proposition 5.1. By Lemma 5.5, we may and we shall assume that Condition 3.9 holds, and that
Letx be an arbitrary geometric point of M
(We shall adopt the same notation system as in Lemma 4.1.) Consider the proper morphism , where each U f is tautological for the pullback of J H,dpol to be an invertible ideal generated by f , which only depends on sufficiently high powers of f . Concretely, let R denote the ring of global sections of O ( M min
ΓΦ H , which is a noetherian normal domain, and let J denote the R-ideal of global sections of ( J H,dpol ) ∧ x ; then U f ∼ = Spf(R (f ) ), where R (f ) is the integral closure in Frac(R) of the subring of Frac(R) generated by R and by fractions of the form f −k 0≤j<k g j , where g j ∈ J, for all 0 ≤ j < k.
For each such f , let us write it as a formal sum f =
x , which can be further decomposed as a formal 
Since f is Γ Φ H -invariant, for each γ ∈ Γ Φ H , the similarly defined canonical morphism W f (γ 0 ) → U f is compatible with (5.9) and with the canonical isomorphism
, by Lemma 4.2, the sections of ( FJ
, where
is no cancellation among different terms in the formal sum
Let V be any complete discrete valuation ring with valuation υ : Inv(V ) → Z and with an algebraically closed residue field k, and let z : Spf(V ) → U f be any morphism. Without loss of generality, up to replacing 0 with another representative in its Γ Φ H -orbit, we have υ(
). By applying this to formal sums
it follows that any y : Spf(V ) → U f as above necessarily uniquely lifts to a morphism y : Spf(V ) → W f ( 0 ) via the canonical morphism (5.9). Since V and y are arbitrary, this shows, in particular, that W f ( 0 ) is the preimage of U f under the proper morphism (5.8). Since both W f ( 0 ) and U f are affine, this forces the morphism (5.9) to be finite, which is induced by some finite homomorphism
of R-algebras. Since R (f ) is noetherian normal by construction, the above unique liftability (for arbitrary V and y) also shows that (5.10) induces an isomorphism between the total rings of fractions, and so (5.10) and (5.9) are isomorphisms. Thus, the inverse of (5.9) defines a local inverse of (5.8) over U f , which is (up to canonical isomorphism) independent of the choice of 0 in its Proof. By Lemma 4.13, we have
, for each rep- 
is, by Proposition 5.1. 
is well defined and locally closed in M tor H,Σ (with admits the canonical structure of a reduced locally closed subscheme of M tor H,Σ ), and we have a stratification 
inducing a canonical isomorphism
, and induces a surjection
which can be canonically identified with the canonical surjection
If Σ is as in Corollary 4.23, then the morphism (4.24) maps the stratum
Proof. By the stratification by locally closed subschemes 
, so that we have a canonical isomor- 
For any open immersion Spf(R,
of the degenerating 
given by [18, Thm. 12.16]. In particular, it is proper and surjective if σ is top-dimensional in P
(6) (Compare with [18, Thm. 7.14 and 11.4].) Let S be an irreducible noetherian normal scheme over S 0 , with generic point η, which is equipped with a morphism
Let (A η , λ η , i η , α H,η ) denote the pullback of the tautological object of M H to η under (6.3). Suppose that, for each j ∈ J, we have a degenerating family
to η defines a morphism 
Proof. By the universal property of M tor H ,Σ ,J as in (6) of Theorem 6.1, the canonical morphism [18, (13. 2)] extends to a canonical morphism (7.2), under which the subcollection 
subscripts), it suffices to prove the analogues of the statements for the morphism (7.13)
now with the same J ; or rather the analogues for the morphism (7.14) (From now on, for simplicity, we shall again drop J from the subscripts.)
Proposition 7.15. For each j ∈ J, the locally free sheaves 
(necessarily uniquely) extending the canonical pairing
Here we have ignored the Tate twists for simplicity, which can be compatibly reinstated when needed in applications.) Moreover, the canonical exact sequences
over M H extend to canonical short exact sequences
, where G j and G ∨ j are the semi-abelian schemes as in Theorem 6.1, which are compatible with each other in the sense that the sheaves Lie
and Lie
in (7.18) and (7.19) (viewed as submodules of the middle terms) are annihilators of each other under the pairing (7.16), and the canonically induced morphisms only when x is in the preimage of these closed points under [n] . But this is impossible because, for all sufficiently large n, such a preimage cannot be supported on the finitely many closed associated points ofŨ . Since there are only finitely many associated points ofŨ , there exists one of them with positive-dimensional closure {y} inŨ and with an infinite sequence n 1 < n 2 < · · · of integers considered in Lemma 8.1 such that f ni has nonzero pullback to Spec(OŨ ,y /m N y ) for all i ≥ 1. Up to replacing R 0 with a flat extension, we may and we shall assume that its residue field k 0 is algebraically closed with uncountable cardinality. Then the closed points in {y}, which are all k 0 -points, cannot be a countable union of its proper closed subsets, and hence there exist mutually distinct closed k 0 -points x j in {y}, indexed by integers 1 ≤ j ≤ r for some integer r > length R0 (Γ(Ũ , OŨ )) (which is possible because p Φ H ,Z H is proper and R 0 is Artinian), such that f ni has nonzero pullback to Spec(OŨ ,xj /m (see [17, Rem. 4 .17]). Hence they also work for possibly nonsmooth Σ's in the contexts of Theorems 8.6 and 8.7. Note that [17] was written for the smooth integral models in [5] and [15] , where Σ was always assumed to be smooth.
Remark 8.10. However, since the proof of [17, Thm. 2.5] made use of Serre duality, we cannot easily generalize the higher Koecher's principle to the context here. In general, we do not yet know whether it is still true in ramified characteristics.
